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Using the Bethe—Salpeter equation, we have calculated the
exciton energies of (i) bright exciton states; (ii) 2g exciton
energies; and (iii) the energy difference between dark and bright
exciton states for single wall carbon nanotubes (SWNTs) as a
function of diameter. By adjusting the dielectric constant, we
can reproduce the observed exciton energies in the resonance
Raman spectra and two-photon absorption spectra for SWNTs.

1 Introduction In photoluminescence (PL) and reso-
nance Raman spectra (RRS), the optical transition energies
of asingle wall carbon nanotube (SWNT) have unique values
depending on the SWNT geometrical structure, which is
useful for characterizing the chirality of SWNTs, specified
by its two integers (n, m) [1]. When the polarization of the
incident light is parallel to the nanotube axis, the optical
selection rule allows the dipole transition from the i-th
valence energy band to the i-th conduction energy band,
E;;, where i is the subband index measured from the Fermi
energy. The E;; energy values are generally plotted as a
function of the diameter d, of (n, m) SWNTs, which is called
the Kataura plot [2, 3]. The Kataura plot has been frequently
used in RRS. In the Kataura plot we can assign (n, m) values
for given information of the laser excitation energy E; and
the diameter information which is obtained by the radial
breathing mode (RBM) frequency. However, E;; values shift
with both red and blue shifts up to 100 meV, depending on
the surrounding materials or on the type of semiconductor
(type I or II) SWNT, and these shifts are known as the
environmental effect [4-7]. The reason why the E;; value
shifts is that the photo-excited electron and hole pair forms an
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The environmental effect on the transition energies can be
explained by a diameter-dependent dielectric constant. How-
ever, the energy difference between the dark and bright exciton
states cannot be reproduced simply by changing the dielectric
constant consistently. Thus we need to consider the evaluation
of the Coulomb interaction, especially with regard to the
surrounding materials.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

exciton even at the room temperature, in which the attractive
Coulomb interaction between the electron and hole (the
exciton binding energy Eq) or the repulsive Coulomb
interaction between the photo-excited electrons and valence
electrons (the self energy, X)) are screened partially by the
dielectric constants of the nanotube itself and the surround-
ing materials [8—12].

We have developed a computer program for calculating
the exciton energies of a SWNT using the extended tight
binding (ETB) method in which the ETB parameter set and
the Coulomb interaction are evaluated by the wavefunction
obtained by a first principles calculation [11, 13]. In the ETB
exciton calculation, the Bethe—Salpeter equation is solved
by diagonalizing a matrix in which the diagonal terms
correspond to the pseudo-particle energy as a sum of the
single particle energy Eg, and X, and the off-diagonal
terms correspond to the mixing term with different k states
by the Coulomb interaction so as to minimize the exciton
energy [11]. Since X>E,4>0, the exciton energy
Eex=Eg,+ X — Eyq is slightly larger than E, in the all
cases. Thus when the dielectric constant for the surrounding
materials is large, E.x decreases since the net Coulomb
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interaction, X — Epq>0, decreases. It is opposite to the
situation of the conventional exciton energies in which the
exciton energy increases with increasing dielectric constant.

Recent experimental results show many exciton spectra
such as two-photon absorption spectra which give the
excited exciton states [14, 15] and the energy differences
between the bright and dark exciton states by the PL
measurement under a magnetic field [16, 17]. Thus a direct
comparison with many exciton energies are now available
and this is important for checking the reliability of the
exciton calculation and for understanding the physics of
the environmental effect. In this paper, we calculated both
the dark and bright exciton states or the exciton excited states
to compare with experimental results.

In Section 2, we briefly explain the calculational method.
In Section 3, we compare the calculated results for many
kinds of exciton states with experimental results. In Section
4, a summary is given.

2 Method The exciton calculation program for a
SWNT [11, 12] which consists of single-particle energy
calculation by the ETB calculation [18], the Coulomb
interaction calculation with use of the so-called Ohno’s
potential [8, 9], and the Bethe—Salpeter equation in which the
Bloch states with wavevector k are mixed with one another so
that we thus obtain the exciton energy and the spatially
localized exciton wavefunction. As for the dielectric
response of the m electron, we consider the polarization
function I1(g) within the random phase approximation [8, 9],
while the dielectric response of the o electrons and the
surrounding materials is expressed by a single of dielectric
constant x. Dynamical screening of m electrons which is
independent of the environmental effect, is thus considered
in I1(g) in which we can calculate E;; values not only for
semiconducting SWNTs but also for metallic SWNTs.
However, we did not consider the elastic or inelastic
scattering events of electrons for considering dielectric
response, which may give upper limit of the response time.
By adjusting the « value to the experimental E;; value of a
given (n, m) SWNT including its environment, we can
reproduce the experimental E;; values for the SWNT. The
experimental Ej; values, E., are observed from the Raman
excitation profile for a given RBM spectra by changing E},
[4, 19-21]. We can thus assign each (n, m) value from the
(2n + m) = constant family pattern and from the different
RBM frequencies for a given (2n + m) family.

From the optimized « values for many (n, m) SWNTs and
for several environmental materials studied by the experi-
ments, we here discuss the diameter dependent x values
which are useful for calculating the E;; value for general
surrounding materials. If we specify a range of E;; energies,
the SWNT diameter d,, or one kind of surrounding material,
we can get a better fitting function of k, which will be
reported in Ref. [21].

3 Calculated results Here we show calculated results
for the exciton states of: (i) the bright exciton Kataura plot;
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(ii) the excited exciton states; and (iii) the difference between
dark and bright exciton states. These exciton states are
compared respectively, with: (i) resonance Raman spectro-
scopy; (ii) two-photon absorption spectroscopy [14, 15]; and
(iii) single nanotube PL spectroscopy under a magnetic field
[16, 17].

3.1 Bright exciton Kataura plot The bright exciton
state is the spin-singlet, A, exciton state in which the £ states
near the K point and the —k states near the K’ point in the two
dimensional (2D) Brillouin zone (BZ) of graphene are mixed
anti-symmetrically with each other [22]. This mixing occurs
via the inter-valley Coulomb interaction between the K point
and the K’ point states whose values are in the order of meV.
Thus, as far as we discuss E;; energies for RRS, the small
inter-valley interaction can affect only the symmetry of the
wavefunction, but not the value of E;; itself very much. Since
the ground states, the Hamiltonian, and the A, exciton state
are, respectively, even, odd, and odd functions under the C,
rotation for the axis perpendicular to the nanotube axis which
exchanges A and B carbon atoms in the unit cell of graphene
with each other, the dipole transition matrix elements
become non-zero. On the other hand, the A, exciton state,
in which the & states and the —k states in the 2D BZ are mixed
symmetrically with each other, becomes a dark exciton state.

In Fig. 1(a), we show the E;; as a function of the SWNT
diameter d, as the bright exciton Kataura plot in which the
dielectric constant « is taken as a function of d, as

1.7
K =C x (dﬁ) (1)

where p denotes an integer and p=1, 2, 3, 4, and 5
correspond to ES, E5,, EMl, E3;, and ES,, respectively [3].
The p/d, ratio represents the distance of the k point from the
K point in the 2D BZ of graphene [23, 24], so that we can
compare the k values with different d; and different E;; in the
same plot. In fact, the Coulomb interaction is known as a
function of the distance of k from the K point in the 2D BZ
[25, 26]. The formula in Eq. (1) is obtained by fitting the
optimized « values for each (n, m) SWNT to reproduce the
experimental E; by Raman excitation profiles for several
different conditions such as an as-grown sample of water-
assisted (super-growth) chemical vapor deposition (CVD)
SWNTs [19] and a HiPCO sample with sodium-dodecyl-
sulfate (SDS) surfactants [4, 27]. as shown in Fig. 1(b).
In Fig. 1(b), we plot the optimized x values so as to
reproduce the experimental E;; values of the semiconducting
SWNTs in a log-log plot of « as a function of p/d,.
Here, each symbol denotes Ej, (circle), E5, (cross), E3;
(triangle), and Ej, (square), respectively. Since the
optimized k values for E3; and Ej, are smaller than those
for Ef,, E5,, we use two fitting functions (dashed lines) in
which the constants C in Eq. (1) are 0.75 and 0.5 for Efl and
ES, and for E3; and Ej,, respectively. When we use the
fitting function for x, we get an accuracy of the energy
difference between the experimental E;; " and the calculated
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Figure 1 (a) Bright exciton Kataura plot, in which the numbers
denote 2n + m family numbers for (n, m) SWNTs. (b) The optimized
k values which reproduce the experimental E;; as a function of p/d,,
where p denotes an integer and p =1, 2, 4, and 5 correspond to Efl
(circles), E§2 (crosses), E§3 (triangles), and E§4 (squares), respec-
tively. The dashed lines are fitting functions shownin Eq. (1). (¢c) The
energy difference between the experimental E; and the calculated
E;; using the fitting function of x. Symbols denote as-grown samples
of water-assisted (super-growth) CVD SWNTs (squares [19]) and
SDS-wrapped HiPCO SWNTs (triangles [4] and circles [27]).

ES values, E;;* — ES* which falls within 100 meV for a
wide d, range (0.5<d,<3.0nm) and for a wide energy
range (0.5<E;<3eV), as shown in Fig. 1(c), which is a
sufficiently good fit for considering many SWNTs with
different surfactants. It should be mentioned that £, " — E5*
is large for small d,. For small d, SWNTs, we should
consider the effect that the effective mass of the electron and
hole shows a large chiral angle dependence [25], which
gives a chiral angle dependence for the E;; values, which is
the origin of the large observed deviation. However, in the

www.pss-b.com

present paper, we did not consider the chiral angle
dependence for simplicity. In fact, the effect of the effective
mass for different environmental materials does not give a
consistent picture which improves the numerical accuracy
in any case, which should be a future problem.

InFig. 1(c), we consider two kinds of surfactants, such as
an as-grown sample of water-assisted (super-growth) CVD
SWNTs (squares, [19]) and SDS wrapped HIPCO SWNTs
(triangles [4] and circles [27]). If we specify one of these
samples, we can have other C values for the specified
samples, which give better results [21]. Here, we focus on our
proposal that a general formula of a diameter dependent «
value is useful for describing unknown surfactant materials.

The reason why we get a smaller C value for E5; and E3,
than for EY, and E3, is that the exciton binding energy is
larger for E§3 and E§4 and that the exciton size is smaller at
the same time in real space. Thus the E3; and E}, excitons
feel the dielectric constant of the surfactant less than those
for E{, and E3,. This is why the effective value of k is smaller.
The k value may consist of the dielectric constant of a SWNT
Kwbe and that of the surrounding materials k.., [6]. In a
previous paper, we showed that « is expressed by

1 C C
a6 & 6

K Ktbe Kenv

in which C; and C, are diameter-dependent coefficients,
respectively [6]. Except for isolated SWNTSs, we generally
expect Keny>Kwpe. FOr a large d,, the contribution of xepy
becomes small, which is one reason why the « value
decreases with increasing d,. A power of ( p/dt)l'7 which is
obtained in the process of the fitting procedure is close to 2,
which we discussed in a previous paper [6]. The deviation
from the value 2 might come from the fact that the exciton
size itself increases with increasing diameter, and thus the
d;? dependence is slightly relaxed. This is consistent with
the scaling properties of the exciton [22]. It will be a future
problem to obtain this factor by considering some analytic
expression for the electric field produced by an exciton.

3.2 2g exciton states Maultzsch et al. [14] and
Dukovic et al. [15] have measured the two-photon
absorption, in which the two-photon excitation to the 2g
exciton states A,, brings the subsequent relaxation to the
bright exciton states A, and PL emission from the A ,, states.
Even though the A,, states are optical forbidden states for a
one-photon process, we can determine the position of A,, by
the two-photon measurement by changing the laser excita-
tion energy Ej .

In Fig. 2(a), we plot the calculated E}¥ (circles) and Eﬁ
(crosses) as a function of d,, in which we use the constant
value of k = 2.7 by fitting the experimental values. Since we
consider only E;; and only for a small diameter region from
0.6 to 1.2 nm, a constant value of « is sufficient to reproduce
the experimental results. When we plot the energy difference
of Eﬁ’ — E}’l‘ (see Fig. 2(b)), the deviation from the experi-
mental results only show chiral angle dependence that we did
not consider in this paper. The integers in Fig. 2(a) are

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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(2n+m) family numbers for (n,m) SWNTs. The same
(2n+m) family number corresponds to SWNTs with a
similar d, to one another, and thus the change within the same
family shows a chirality dependence of the exciton energy,
which we call a family pattern. Depending on the value of
mod(2n +m, 3) =1 or 2, type I and II semiconductor SWNT's
are classified, in which we show red and blue symbols,
respectively. Within a family, A and Z denote the chiral angle
close to armchair or zigzag SWNTs, respectively.

The inset of Fig. 2(a) shows the energy difference of
E;? — ES™ for EY (diamonds and up triangles, respectively,
for the experlmental data by Maultzsch et al. [14] and
Dukovicetal. [15]) and E | (squares and down triangles). All
the data for E;;* — ES! are 'within +50 meV for a constant K,
not only for the bright exciton states but also for the excited
exciton states. Since the diameter range for the experimental
data is relatively small and since the data is only for EY,
values, a fitted « (=2.7) value to the experimental data is
sufficient for reproducing the experrmental data.

Since the family pattern for E}* and Eﬁ are similar to
each other, thus the difference of E l’f E}Y shows only a
diameter dependence, as shown by the red or blue circles in
Fig. 2(b) for type I and I SWNTs, respectively. In Fig. 2(b),
we compare the calculated results with the experimental
results for E — E!% by Maultzsch et al. (squares) [14] and
Dukovic et al (triangles) [15]. We can show that the
difference is sufficiently small (£30 meV) for all diameters.
Although the calculated results for ES ' — E}% do not show
any chiral angle dependence, the experimental results show
some fluctuations of their values which can not be explained
by the chirality dependence of the exciton states. We think
that these fluctuations may come from the local environ-
mental effect of the sample, since the sample is not composed
of isolated SWNTs and the local environment is fluctuating
on a scale greater than the wavelength of the light. In fact, the
sample is treated by SDS in D,O [14] or by aqueous
poly(maleic acid/octyl vinyl ether) [15]. It should be
interesting in the future to carry out two-photon measure-
ments and to plot E —-F }'1‘ for more SWNTs.

3.3 The difference between dark and bright
exciton states When the magnetic field is applied parallel

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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™ 'A':- ... denote, respectively, type I and II semiconduct-
“] ing SWNTSs. The inset to Fig. 2(a) shows the

energy difference of E;=*P — E; for E 1 (dia-

‘ monds and up triangles, respectively, for the
1.0 1.2 experimental data by Maultzsch etal. [14] and

Dukovicetal. [15])and E1 ; (squares and down
triangles). (b) The calculated E —E { { (circles)
as a function of d,. Squares and up triangles are
the experimental results by Maultzschetal. [14]
and Dukovic et al. [15].

to the nanotube axis, the cutting lines in the 2D Brillouin
zone are shifted in the direction perpendicular to the cutting
lines [1, 28] and thus the time-reversal symmetry between k
and —k is broken. In this case, the dark exciton states start to
be optically allowed [29, 30], even for a small magnetic field,
such as 5T [16, 17].

In Fig. 3(a), we plot the energy difference between the
dark and bright exciton states Apq = E Eﬁ for ES 1, as a
function of d,. In this calculation we simply adopted a
constant k =2.22 for simplicity, since we focus our
calculation on the smaller diameter region and lower energy
range. In fact, the sample consists of bundles [16] which we
fitted to k =2.22 for E‘gz [11] or isolated SWNTs [17] in
which the « should be smaller than 2.22. Red and blue
symbols denote mod(2n +m,3)=1 and 2 (type I and II)
SWNT families, respectively. The green symbols with error
bars are the experimental results which are observed for
isolated, suspended SWNT PL spectroscopy under the
magnetic field by Matsunaga et al. [17]. The experimental
energies are smaller for all cases than the calculated results.
Since Apg is closely related to the relative strength of the
inter-valley and intra-valley Coulomb interaction, the
present results may show that the intervalley Coulomb
interaction is underestimated in the present calculation.

In Fig. 3(b), we show the energy difference between the
dark and bright exciton energies Aq as a function of « for a
(9,7 SWNT. The Aq does not depend much on « and thus
we could not find a reasonable k value which reproduces the
experimental results, since x works equally for the intra-
valley and inter-valley Coulomb interactions. Thus within
our treatment of the calculation, it seems to be difficult for us
to fit Apq merely by changing the « value.

Ando [29] showed in the effective mass approximation
calculation that Apq depends on the ratio of the short-range
(intra-valley) Coulomb w; and the long-range (inter-valley)
Coulomb interaction w,, that is wy/w», in g space, in which
the bright exciton energy increases with increasing wi/wy,
while the dark exciton energy slightly decreases with
increasing wy/w,. Thus, in order to obtain a smaller Ayg, a
relatively smaller wy/w, is needed. In future works, we should
consider a Coulomb interaction which reproduces not only
the bright exciton states, but also the dark exciton states.

www.pss-b.com
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Figure 3 (online color at: www.pss-b.com)
(a) The energy difference between the bright
41 and dark exciton states Apq=E — Eiﬁ for
| Ej, states. Red and blue symbols denote the
calculated results for type I and II semicon-
e ducting SWNTs. The green symbols with error
bars are the experimental results observed
by Matsunaga et al. [17]. (b) The calculated
energy difference between the bright and dark
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We can see the family pattern for type I and Il SWNTSs in
Fig. 3(a) which implies a chirality dependence of Ayq.
However, compared with the cases of E}} for which the
family pattern of E%’f from armchair to zigzag chiral angle
appear in the opposite direction to each other for type [ and 11
SWNTs, the family pattern of A,y appears in the same
direction for type I and II SWNTs. The Ag close to the
armchair chiral angle has a maximum value within a family.
The reason for this effect is not clear at the present stage.

4 Summary In summary, the diameter dependent «
values reproduce the bright exciton and the excited exciton
energies within reasonable accuracy for a wide range of
diameters and energies. However, the energy difference
between bright and dark exciton states does not reproduce the
experiment well, for the same « value. However, the chirality
dependent Apq reproduces the experimental data. Thus, we
think that we should consider an evaluation of the Coulomb
interaction as a function of the ¢ vector in the near future.
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