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Abstract
The goal of this chapter is to review the importance of excitons to
single-wall carbon nanotube (SWNT) optics. We have developed
the presentation for both researchers in the SWNT field who want
to learn more about the unusual aspects of SWNT exciton photo-
physics and researchers more knowledgeable about the physics of
excitons, but not about SWNT physics. Excitons in SWNTs are
special because graphite has two energy bands at the Fermi energy
related to time-reversal symmetry and because SWNTs are actually
one dimensional. This review discusses both theoretical and experi-
mental points of view, thus aiming to provide a summary of the most
important work in the field, as well as to identify open questions.
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SWNTs: single-wall
carbon nanotubes

Many-body effects:
electron-electron Coulomb
repulsion and electron-hole
Coulomb attraction, which
relate to the electron
self-energy and exciton
binding energy, respectively

Exciton: an excited state
formed by the Coulomb
binding of an excited
electron to a hole

BZ: Brillouin zone

1. INTRODUCTION

Single-wall carbon nanotubes (SWNTs) represent one of the best known materi-
als for the study of exciton photophysics, both from a theoretical and experimental
viewpoint. SWNTs are reasonably cheap and commonly available materials, so they
are accessible to almost all experimental groups. They involve only carbon atoms,
and hence theoretical calculations can be carried out using a relatively simple model
Hamiltonian.

The one-dimensional (1D) aspect of SWNTs gives further simplification to the
theoretical modeling, as well as a strong increase in the importance of excitonic effects.
The optical transition energies in SWNTs sensitive to these excitonic effects have
been studied in detail through fluorescence and Raman spectroscopy experiments (1–
3). Although some aspects of the experiments can be interpreted within the context
of a simple, noninteracting electron model (4, 5), it has become increasingly clear
that electron-electron interactions also play an important role in determining the
optical transition energies. Moreover, both theoretical calculations and experimental
measurements show that the exciton binding energies are anomalously large in carbon
nanotubes, corresponding to a substantial fraction of the band gap, thus indicating the
importance of many-body effects in this quasi-1D system (6–10). Researchers have
made rapid progress in this field, and this seems like an opportune time to review our
present understanding of the magnitudes and dependencies of the exciton effects.

This review begins with an overview of the exciton physics (Section 2), briefly
addressing the general properties of excitons, but also emphasizing the uniqueness of
excitons in graphite and SWNTs. The unusual geometrical structure of sp2 carbons to
which these materials relate gives rise to two special points in the Brillouin zone (BZ)
(namely K and K ′), which are related by time-reversal symmetry (2), making these
sp2 carbon systems different from other nano systems, which also have large exci-
tonic effects, but do not have similar symmetry constraints. Differences in symmetry
are important and guide electronic-structure calculations and the interpretation of
experiments. Therefore, an analysis of exciton symmetries in SWNTs is needed to
understand in greater detail many aspects of their optical properties.

From a theoretical point of view, Ando (6) introduced early on the importance of
excitons to SWNTs by studying the excitations of nanotubes within a static screened
Hartree-Fock approximation. Later on, after experimental results started to show the
importance of excitons, detailed first-principles calculations of the effects of many-
body interactions on the optical properties were performed for nanotubes with very
small diameter (dt) (7, 8, 11, 12), and some descriptions of excitons in nanotubes based
on simpler or different models (13–16) were also developed. However, a systematic
dependence of exciton effects (including wave function–related phenomena) on the
nanotube diameter and chiral angle (presented in Section 3) has only recently been
developed (17, 18), and these results are important for discussing the photophysical
properties of SWNTs.

In Section 4, we present experimental evidence for excitons in SWNTs. The
importance of many-body effects in the form of excitonic electron-hole attraction and
Coulombic electron-electron repulsion in SWNTs was first brought into sharp focus
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Ratio problem: relates to
the ratio between the
second and first optical
transition energies not
being equal to two in
semiconducting SWNTs

Two-photon absorption:
the use of fast-optics
high-intensity light pulses,
which allows two photons to
be absorbed before emission
occurs

Exciton side band:
exciton-phonon complex
that behaves as a single
quantum entity

Dark exciton: exciton that
cannot be observed optically

PL: photoluminescence

experimentally in the context of the so-called ratio problem (1, 19). Subsequently,
other experimental results, such as the two-photon absorption experiments (9, 10) and
the lineshape analysis of exciton-phonon side bands (20), provided strong evidence
for the excitonic nature of the lower energy transition (ES

11). We begin this section
by discussing the historically important ratio problem, followed by more definitive
experimental evidence for excitons coming from two-photon absorption and phonon
side band experiments. This is followed by discussions of the exciton binding energy
and the interesting p/dt scaling law for the various Eii levels. Finally we address the
importance of dark excitons and present interesting results on electro-optical effects.
We emphasize the interplay between experiment and theory in establishing the role
of excitons in the photophysics of carbon nanotubes and in gaining an understanding
of the observed phenomena. The review concludes in Section 5 with a summary and
an outlook toward open issues.

2. OVERVIEW

An exciton consists of a photo-excited electron and a hole bound to each other by
a Coulomb interaction in a semiconducting material. In many commonly occurring
semiconductors (such as Si, Ge, and III-V compounds), we can calculate the binding
energy of an exciton in three-dimensional materials by a hydrogenic model with a
reduced effective mass and a dielectric constant, giving a binding energy on the order
of ∼10 meV, with discrete levels below the single-particle excitation spectra. Thus
optical absorption to exciton levels is usually observed only at low temperatures.
However, in an SWNT, because of its 1D properties, the electron-hole attraction
energy becomes larger and can be as large as 1 eV, so exciton effects can be observed
at room temperature. Thus excitons are essential for explaining optical processes in
SWNTs, such as optical absorption, photoluminescence (PL), and resonance Raman
spectroscopy.

2.1. The Exciton Wave Vector

A single-particle picture of carriers is simple and easy to understand. In a semicon-
ducting material, an electron can be excited from the valence to the conduction energy
band, by gaining more than the band gap energy of the material. The energy differ-
ence Eii for an optical transition between i-th valence and i-th conduction bands on a
one-electron picture is directly related to the excitation energy. An excitonic picture,
however, cannot be represented by a single-particle model, and we cannot gener-
ally use the energy-dispersion relations directly to obtain the excitation energy for
the exciton. If the electron and hole wave functions are localized in the same spatial
region, the attractive Coulomb interaction between the electron and hole increases
the binding energy, while the kinetic energy and the Coulomb repulsion between
the electrons become large, too. Thus the optimum localized distance determines
the exciton binding energy. The screening of the attractive Coulomb interaction by
other conduction electrons is the reason why excitons usually are not important in
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Figure 1
(a) A singlet exciton formed at K = 0 in a crystal, where kc = kv (left), at either the band
extremum or away from the band extremum. If kc �= kv, K �= 0, giving rise to a dark exciton
(right). (b) When a photon is absorbed by an electron with spin ↑ (left), we get a singlet exciton
(S = 0, right). If the spin of the electron is ↑, we here define the spin of the hole left behind as
↓ . (c) A triplet exciton (S = 1) that is a dark exciton.

metals. The repulsive Coulomb interaction between two electrons causes the wave
vector k for an excited electron to no longer be a good quantum number.

Because the exciton wave function is localized in real space, the exciton wave
function in k space is a linear combination of Bloch wave functions with different k
states. Thus the definition of kc and kv may not be so clear. However, because the
exciton wave function is localized in k space, as well,1 we can define kc or kv as the
central position of the corresponding wave functions in k space.

When we consider an optical transition in a crystal, we expect a vertical transition,
kc = kv (Figure 1a), where kc and kv are the wave vectors of the electron and hole,
respectively. The wave vector of the center of mass for the exciton is defined by
K = (kc − kv)/2, whereas the relative coordinate is defined by k = kc + kv, in which
the hole (created by exciting an electron) has the opposite sign for its wave vector and
effective mass as compared with the electron. The exciton has an energy dispersion
as a function of K, which represents the translational motion of an exciton. Thus only
the K = 0 exciton can recombine by emitting a photon. Correspondingly, a K �= 0
exciton cannot recombine directly to emit a photon and therefore is a dark exciton.
Recombination emission for K �= 0 is, however, possible by a phonon-assisted process,
which we call an indirect transition.

2.2. The Exciton Spin

When we discuss the interaction between an electron and a hole, the definition of
the total spin for an exciton is a bit different from the conventional idea of two
electrons in a molecule (or a crystal). A hole is a different particle from an electron,
but, nevertheless, an exchange interaction between the electron and the hole exists,
just like for two electrons in a hydrogen molecule.

1Imagine that the exciton wave function is a Gaussian function. The Fourier transformation of a Gaussian in
real space is a Gaussian in k space, too.

722 Dresselhaus et al.

A
nn

u.
 R

ev
. P

hy
s.

 C
he

m
. 2

00
7.

58
:7

19
-7

47
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 D

r.
 R

iic
hi

ro
 S

ai
to

 o
n 

04
/1

9/
07

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ANRV308-PC58-27 ARI 1 March 2007 13:18

Bright exciton: exciton
that can be observed
optically

When an electron absorbs a photon, an electron with spin ↑, for example, is excited
to an excited state (Figure 1b), leaving behind a hole at the energy level at which the
electron with up-spin had previously been. This hole has not only a wave vector of −k
and an effective mass of –m∗ (as mentioned in Section 2.1), but also is defined to be in
a spin-down hole state. The exciton thus obtained (Figure 1b) is called a spin singlet,
with S = 0, because the definition of S for the two-level model shown here is in
terms of the two actual electrons present,2 and in this sense the definition for the two
actual electrons and the definition for the S = 0 exciton are identical. We note that
Figure 1b does not represent an S = 0 eigenstate. To make an eigenstate, we must
take the antisymmetric combination of the state shown in Figure 1b with an electron
↓ and hole ↑ (21). In contrast, a triplet exciton (S = 1) can be represented by two
electrons, one in the ground state and the other in an excited state to give a total spin
of S = 1 (Figure 1c).3 For the triplet state in Figure 1c, we define the hole to have
a spin ↑, and the resulting state shown is an eigenstate (ms = 1) for S = 1. A triplet
exciton cannot be recombined by emitting a photon because of the Pauli principle.
We call such an exciton a dark exciton.4 An exchange interaction between a hole and
an electron works only for S = 0 (see Figure 1b), and thus the S = 1 state in Figure
1c has a lower energy than the S = 0 state (see also Equation 2 in Section 3.1). For
the more familiar case of just two electrons, the exchange interaction works for the
S = 1 case, and therefore the S = 1 state lies lower in energy than the S = 0 state.

2.3. Uniqueness of the Exciton in Graphite and Single-Wall
Carbon Nanotubes

The electronic structure of an SWNT and graphite is unique insofar as there are
two inequivalent energy bands near the two hexagonal corners K and K ′ of the BZ.
We therefore distinguish the regions around K and K ′ from one another and call
them the two valleys of SWNTs and graphite. Although an optical transition occurs
vertically in k space, we can consider the electron and the hole in the electron-hole
pair to be either in the same valley, or an electron to be in one valley and a hole in
the other valley. The latter pair can form an excitonic state, but it never recombines
radiatively because the electron and hole do not exist in the same valley; we call such
a state a dark exciton. In addition to the conventional bright exciton (an electron-
hole pair from the same valley that recombines radiatively5), the coexistence of many
different types of excitons is important for understanding the optical properties of
SWNTs.

In resonance Raman spectra, PL, or Rayleigh scattering, we can observe a signal
even from a single SWNT molecule. In a one-particle picture of optical processes,

2The electric dipole transition does not change the total spin of the ground state, which is S = 0.
3The reader should not be confused by having S = 1 for the triplet state because the two spin-up electrons
are in different energy states.
4A magnetic field could flip a spin and lead to the recombination of the triplet exciton.
5Even within the same valley, one of the two possible exciton types is a dark exciton because of symmetry
requirements (22, 23).
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VHS: van Hove singularity

Bethe-Salpeter equation:
equation for solving for the
exciton energy and wave
function

a strong enhancement of the optical intensities can be understood in terms of the
1D van Hove singularities (VHSs) in the joint density of states connecting the va-
lence and conduction energy bands. In an excitonic picture, an exciton has an energy
dispersion as a function of the center-of-mass wave vector, and we expect 1D VHSs
in the excitonic density of states from the ground states, at which optical absorption
becomes strong, and this occurs when the center-of-mass wave vector vanishes. The
assignment of the excitation energy to an SWNT with (n, m) indices works well
by interpreting the one-particle picture in terms of the exciton VHS position. This
exciton-energy position can be modified by changing the surrounding materials by
the use of substrates, solutions, or wrapping agents (environmental effects) in the
space surrounding an SWNT or by electrochemical doping.

3. THEORY FOR EXCITONS IN CARBON NANOTUBES

3.1. Bethe-Salpeter Equation

Next we show how to calculate the exciton energy �n and wave function �n based
on a solid-state physics approach (6, 7, 17, 24–28). Because the exciton wave function
is localized in real space by a Coulomb interaction, the wave vector of an electron
(kc) or a hole (kv) is not a good quantum number any more, and thus the exciton
wave function �n for the n-th exciton energy �n is given by a linear combina-
tion of Bloch functions at many kc and kv wave vectors. We obtain the mixing of
different wave vectors by the Coulomb interaction by the so-called Bethe-Salpeter
equation:∑

kckv

{[E(kc) − E(kv)]δk′
ckcδk′

vkv + K (k′
ck

′
v, kckv)}�n(kckv) = �n�

n(k′
ck

′
v), (1)

where E(kc) and E(kv) are the quasi-electron and quasi-hole energies, respectively.
Here quasi-particle means that we add a Coulomb interaction to the one-particle
energy and that the particle has a finite lifetime. Equation 1 represents simultaneous
equations for many k′

c and k′
v points.

Here �n is the energy of the n-th excitation, and �n (kckv) are the components
of the excitonic wave functions. The mixing term of Equation 1, which we call the
kernel, K (k′

ck′
v, kckv) is given by

K (k′
ck

′
v, kckv) = −K d(k′

ck
′
v, kckv) + 2δS K x(k′

ck
′
v, kckv), (2)

with δS = 1 for spin-singlet and 0 for spin-triplet states (see Section 2.2). The direct
and exchange interaction kernels Kd and Kx are given by the following integrals (21):

K d(k′
ck

′
v, kckv) ≡ W (k′

ckc, k′
vkv)

=
∫

dr′drψ∗
k′

c
(r′)ψkc (r

′)w(r′, r)ψk′
v (r)ψ∗

kv
(r), (3)

K x(k′
ck

′
v, kckv) =

∫
dr′drψ∗

k′
c
(r′)ψk′

v (r′)v(r′, r)ψkc (r)ψ∗
kv

(r),

where w and v are the screened and bare Coulomb potentials, respectively, and ψ is
the quasi-particle eigenfunction as discussed below.
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ETB: extended tight
binding

The quasi-particle energies are the sum of the single-particle energy [ε(k)] and
self-energy [�(k)]:

E(ki) = ε(ki) + �(ki), (i = c, v), (4)

where �(k) is expressed by

�(kc) = −
∑

q

W (kc(k + q)v, (k + q)vkc),

�(kv) = −
∑

q

W (kv(k + q)v, (k + q)vkv). (5)

To obtain the kernel and self-energy, we obtain the single-particle Bloch wave
function ψk(r) and screening potential W by either a first-principles calculation (7) or
an extended tight-binding (ETB) wave function and a random-phase-approximation
calculation (17). In the random-phase approximation, the static screened Coulomb
interaction is expressed by W = V/κε(q), with a static dielectric constant κ and
the dielectric function ε(q) = 1 + v(q)	(q). By calculating the polarization function
	(q) and Fourier transformation of the unscreened Coulomb potential v(q), we get
information, which is sufficient for describing the exciton energy and wave function
(6, 17). For 1D materials, the Ohno potential is commonly used for the unscreened
Coulomb potential v for π-orbitals (13):

v(|Ru′s ′ − R0s |) = U√(
4πε0

e2
U|Rus − R0s ′ |

)2

+ 1

, (6)

where U is the energy cost to place two electrons on a single site (|Rus − Rs ′ | = 0)
and is taken as U ≡ Uπa πa πa πa = 11.3 eV for π-orbitals (13).

3.2. Exciton Energy Dispersion

For an electron-hole pair, we introduce wave vectors for the center-of-mass K and
relative motion k:

K = (kc − kv)/2, k = kc + kv. (7)

The Bethe-Salpeter equation (Equation 1) is rewritten in terms of K and k. Because
the Coulomb interaction is related to the relative coordinate of an electron and a
hole, the center-of-mass motion K can be treated as a good quantum number.6 Thus
the exciton energy is given by an energy dispersion as a function of K.

In Figure 2, we show the two-dimensional (2D) BZ of graphite and the cutting
lines for a (6, 5) single-wall nanotube. Because optical transitions occur around the K
or K ′ points in the 2D BZ, we can expect four possible combinations of an electron
and hole pair (Figure 2) (23). The excitons in an SWNT can then be classified
according to their 2K value. If both the electron (kc) and hole (kv) are from the K (or
K ′) region, then 2K = kc − kv lies in the � region, and the corresponding exciton
is an A1,2 symmetry exciton (23). If an electron is from the K region and a hole is

6Strictly speaking, when we consider the screening effect of an exciton by other electrons, K is no longer a
good quantum number.
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Figure 2
The three inequivalent regions in the two-dimensional Brillouin zone (2D BZ) of graphite.
The cutting lines (Section 3.1) for a (6, 5) single-wall carbon nanotube (SWNT) are shown.
The electron-hole pairs [at a solid circle near K (or K′)] and the corresponding center-of-mass
momentum 2K = kc − kv (solid circle at �) for an A1,2 exciton of the (6, 5) SWNT are
indicated. The electron-hole pair with the electron and hole lying on the second and first
cutting lines to the K point and the electron-hole pair with the electron and hole lying on the
first and second cutting lines to the K ′ point correspond to an E12 exciton with the
center-of-mass momentum 2K (dotted circle near the � point) on the first cutting line to the �

point (17).

from the K ′ region, their 2K lies in the K region, and this exciton is an E symmetry
exciton. If an electron is from the K ′ region and a hole is from the K region, their 2K
lies in the K ′ region, and this exciton is an E∗ symmetry exciton.

For A-symmetry excitons, the electron-hole pair |kc, kv〉 = |k, K〉 with the electron
and hole from the K region, and |−kv, −kc〉 = |−k, K〉 with the electron and hole
from the K ′ region having the same magnitude for K. Thus we can recombine these
two electron-hole pairs to get

A2,1 = |k, ±, K〉 = 1√
2

(|k, K〉 ± |−k, K〉). (8)

Here |k, +, K〉 and |k, −, K〉 are antisymmetric (A2) and symmetric (A1), respectively,
under the C2 rotation around the axis perpendicular to the nanotube axis (22).

3.3. Exciton Wave Functions

In this section we discuss mainly the calculated results on bright excitons reported
by Jiang et al. (17). In Figure 3, we plot the energy dispersion of Eii (Aj ) (i =
1, 2, j = 1, 2) excitons with spin S = 0, 1 for a (6, 5) SWNT, where Eii denotes
the energy separation of the i-th valence band to the i-th conduction band. We use
the same notation of Eii for the exciton (29), too, for simplicity. The exciton with
the largest energy dispersion shows a parabolic energy-dispersion relation, which
reflects the free particle of an exciton with a mass. For A1 excitons, S = 0 and S = 1
are degenerate because the exchange interaction vanishes by symmetry. Figure 3d

gives the excitation energy levels for K = 0 E11(Aν ) states. For spin S = 0 states,
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Figure 3
The excitation energy dispersions for (a) E11(A2) (S = 0) and E22(A2) (S = 0), (b) E11(A1)
(S = 0, 1) and E22(A1) (S = 0, 1), and (c) E11(A2) (S = 1) and E22(A2) (S = 1) excitons for a
(6, 5) single-wall carbon nanotube (SWNT). The excitation energy levels for K̄ = 0 excitons
are also shown in d (17).

E11(A0
2 ) has a somewhat larger energy than E11(A0

1 ). This means that the bright A2

exciton is not the lowest energy state, in agreement with the work of others (30). The
Coulomb energy K d(k′, −k; ±, K), which is the energy for an intervalley scattering
process, thus has a one order of magnitude smaller energy than the corresponding
energy for an intravalley scattering process, K d(k′, k; ±, K). Therefore, the energy
difference between E11(A0

2 ) and E11(A0
1 ) (for S = 0) is predicted and measured to

be quite small (approximately 12 meV in Figure 3d ). Moreover, in Figure 3d the
triplet E11(A0

2 ) state lies approximately 35 meV below the singlet E11(A0
2 ) state. The

energy difference between the triplet and singlet E11(A2) states is determined by the
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Figure 4
The magnitude of the exciton wave functions along the nanotube axis of an (8, 0) single-wall
carbon nanotube (SWNT) for the states (a) E22(A0

2 ), (b) E22(A1
2), and (c) E22(A2

2) (17).

exchange Coulomb interaction, K x(k′, k; K) (see Equation 3), which is approximately
one order of magnitude smaller than the direct Coulomb interaction K d(k′, k; K) in
SWNTs. The energy difference between the singlet E11(A0

2 ) state, and E11(A0
1 ) state,

and the energy difference between the singlet and triplet E11(A0
2 ) states are consistent

with those found by previous calculations (11, 14). Hereafter, we mainly discuss the
singlet bright exciton Eii (A0

2 ) states with K = 0.
In Figure 4 we show the exciton wave functions along the nanotube axis of an (8,

0) SWNT for several of the E22(Aν
2) states with lower excitation energies and with

ν = 0, 1, and 2 (17). Because of the orthogonalization of the wave functions, we can
see wave functions with 0, 1, 2 nodes for Figures 4a,b,c, respectively. The localization
of the wave function for E22(A0

2 ) for the (8, 0) SWNT is approximately 1 nm at full
width at half-maximum. The localization length increases with increasing energy and
with increasing nanotube diameter, reflecting the change from one dimension to two.

In an SWNT or graphite, there are two sublattices, A and B. For E22(A0
2 ) and

E22(A2
2), the wave function has a similar amplitude for the A and B sublattices, whereas

for E22(A1
2), the amplitude of the wave function of the electron and hole occupies one
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M-SWNTs: metallic
single-wall carbon
nanotubes

S-SWNTs:
semiconducting single-wall
carbon nanotubes

of the two sublattices exclusively. The latter behavior of the wave function (that
the amplitude of the wave function can exist only on one sublattice) can be seen
for localized edge states. Thus we expect an interesting behavior to occur when the
exciton becomes localized at the end of an SWNT.

The E22(A0
2 ) and E22(A2

2) excitons are symmetric, and the E22(A1
2) exciton is anti-

symmetric on reflection about the z axis. It then follows that the E22(A0
2 ) and E22(A2

2)
excitons are bright and the E22(A1

2) exciton is dark with respect to linearly polarized
light parallel to the z axis. In the two-photon absorption experiments, the E22(A2

2)
exciton becomes bright (9). For an achiral (armchair or zigzag) SWNT, exciton wave
functions are either even or odd functions of z because of the inversion center in the
SWNT. Thus we use A2u or A2g to label E22(A1

2) or E22(A0
2 ) [and E22(A2

2)], respec-
tively, for achiral SWNTs (23).

The localized exciton wave function is constructed by mixing many k states
in which the mixing coefficients are determined by the Bethe-Salpeter equation
(Equation 1). We show above that the envelope functions for the three wave func-
tions given in Figure 4 can be fitted to a Gaussian [e−Cz2

, zeCz2
, and (Az2 − B)eCz2 ],

respectively. The mixing coefficients (Fourier transformation) are also localized in k
space around one-particle k points for a given Eii, and this localization is described
by a wave function full-width at half-maximum magnitude k.

In Figure 5, we plot k in the 1D k space for the bright exciton states, E11(A0
2 ) and

E22(A0
2 ), and for all SWNTs with diameter (dt) in the range of 0.5 mn < dt < 1.6 nm.

In the figure, we also plot the cutting line spacing 2/dt by the solid line. An important
message here is that k is smaller than 2/dt for all SWNTs. This result indicates that
one cutting line is sufficient to describe individual Eii (A) states. Consequently, the
calculation for the Bethe-Salpeter equation is reduced significantly for the case of car-
bon nanotubes. For the higher energy states—Eii (Aν

2) states with ν = 1, 2, · · · —the
k values are smaller than that for Eii (A0

2 ) because the wave functions for Eii (Aν
2) are

more delocalized in real space. Generally, the i-th cutting line is sufficient to describe
Eii (A), Eii (E), and Eii (E∗) states,7 and the i-th and (i + 1)-th cutting lines are suffi-
cient to describe Eii+1(A) and Ei+1i (A) states. Because metallic SWNTs (M-SWNTs)
have smaller k than semiconducting SWNTs (S-SWNTs), the above conclusion is
also valid for M-SWNTs.

The assumption that we consider only one cutting line is valid so long as the range
of the Coulomb interaction is larger than the diameter dt of an SWNT. For a typical
diameter of an SWNT (0.5 < dt < 2 nm), the Coulomb interaction is sufficiently
strong for all carbon atoms along the circumferential direction, so the wave function
for the Eii exciton becomes constant around the circumferential direction, which is the
reason why we need only one cutting line. When the diameter is sufficiently large com-
pared with the range of the Coulomb interaction (more than 5 nm), the exciton wave
function is no longer constant around the circumferential direction (2D exciton), and
then we need to use higher-oscillation components from neighboring cutting lines.

Importantly, for the wave function for the Eii+1(E) exciton, which is excited by
perpendicularly polarized light, we must consider two cutting lines (i and i + 1)

7Note that Eii+1 and Ei+1i excitons have E1 symmetry.
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1
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0.5 1.0 1.5 2.0

Figure 5
The half-width k of the wave functions in one-dimensional k space for the E11(A0

2 ) and
E22(A0

2 ) states. The cutting line spacing 2/dt is shown by the solid line for comparison. Open
and filled circles are for SI and SII single-wall carbon nanotubes (SWNTs), respectively, where
SI and SII denote the semiconductor tube type in SWNTs. Integers denote the 2n + m values
for individual SWNTs (17).

(see Figure 2) because of the dipole-selection rule. In fact, the calculated exciton
has an anisotropy around the circumferential direction in the sense that the electron
and hole exist with respect to each other at opposite sides of the nanotube. Uryu
and Ando have pointed out that the induced depolarization field (31, 32) cancels
the optical field, resulting in a significant upshift of the energy position of Eii+1(E)
relative to the Eii (A) exciton (31, 32). This upshift in energy has been observed in
PL experiments (28, 33).

3.4. Family Patterns in Exciton Photophysics

Resonance Raman spectroscopy (3) shows that, when the optical transition energies Eii

are plotted against tube diameter, they exhibit patterns related to 2n + m = constant
(see Section 4.5). The family patterns are also observed in 2D PL plots (34). The
reason why we get family patterns is that (n, m) SWNTs within the same 2n +
m = constant family have diameters similar to one another, and Eii values are generally
inversely proportional to the diameter. The small change of the Eii values within the
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same family is a result of the trigonal warping effect of the electronic dispersion around
the K point (29). The trigonal warping effect gives the chirality dependence for both
the one-particle energy position at a van Hove singular k point and the corresponding
effective mass. The change of the effective mass for the various SWNTs belonging
to the same (2n + n) family is important for determining the exciton binding energy
and self-energy for each SWNT.

The energy spread in a family becomes large as the diameter decreases and be-
comes less than 1 nm. In this case, the simple tight-binding calculation, in which
we consider only π-electrons, is not sufficient to reproduce the energy positions. To
address this problem, the ETB calculation has been developed (5), in which the cur-
vature effect is taken into account by the mixing of the π-orbitals with the σ and 2s
orbitals of carbon. When we then add the density-functional form of the many-body
effect to the ETB results, we can reproduce nicely the experimental results for the
dependence of the Eii on diameter and chiral angle (4).

In Figure 6 we plot the exciton Kataura plot for the ES
11(A0

2 ) and ES
22(A0

2 ) states
for S-SWNTs and the E M

11(A0
2 ) states for M-SWNTs. SI and SII SWNTs are defined

by mod(2n + m, 3) = 1 and mod(2n + m, 3) = 2, respectively (29), where mod is a
modulus function of an integer. The Eii values are the sum of the ETB one-particle
energy, the self-energy �, and the exciton binding energy Ebd. A large family spread
appears in Figure 6, which is consistent with both calculations (4, 5) and experiments
(3, 34).

14

1316
19

16
13

15

18
27

24

E
ii 

(e
V

)

1/dt (nm–1)

3.0

2.5

2.0

1.5

1.0

0.5

0
0.5 1.0 1.5 2.0

2n + m = 17

Figure 6
The excitation energy Kataura plot for excitons based on the extended tight-binding (ETB)
model for ES

11(A0
2 ) and ES

22(A0
2 ) for semiconducting single-wall carbon nanotubes (S-SWNTs)

and E M
11(A0

2 ) for metallic (M-)SWNTs. Open and filled circles are for SI and SII SWNTs,
respectively, and crossed circles are for M-SWNTs (17).
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Figure 7
The excitation energy ES

11, self-energy �, binding energy Ebd and energy corrections � − Ebd
based on the extended tight-binding (ETB) model for E11(A0

2 ) bright exciton states. Open and
filled circles are for SI and SII single-wall carbon nanotubes (SWNTs), respectively. The
dotted line is calculated by Equation 9 with p = 1 (17).

In Figure 7, we plot separately each contribution to the ETB excitation energy
E11, the self-energy � of the quasi-particle, and the exciton binding energy Ebd. We
also plot � − Ebd in the same figure. Although both � and Ebd tend to increase the
family spread, the two values almost cancel each other regarding the family spread,
leading to a weak chirality dependence, showing that the net-energy correction (� –
Ebd) to the single-particle energy depends predominantly on the SWNT diameter.
Thus we conclude that the large family spread observed in E11 originates from the
trigonal warping effect (29) in the single-particle spectra. The logarithmic correction
owing to the effect of the Coulomb interaction on the dispersion of 2D graphite is not
canceled by the exciton binding energy and leads to a logarithmic energy correction
Elog given by (4, 19)

E log = 0.55(2p/3dt)log[3/(2p/3dt)]. (9)
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In Figure 7, we plot E log with p = 1 as a dashed line, thus showing that our energy
correction � − Ebd follows this logarithmic behavior well. This good agreement for
� − Ebd explains why the previous treatment of the ETB model (5, 55) works so well
and how it includes many-body effects.

4. EXPERIMENTAL EVIDENCE FOR EXCITONS
IN CARBON NANOTUBES

As discussed in Section 1, the so-called ratio problem first brought into sharp focus
experimentally the importance of many-body effects in SWNTs (1, 19). Section 4.1
presents the physics behind this problem, representing the first evidence in which
electron-electron and electron-hole interactions explained an experimental observa-
tion in SWNTs. Subsequently, reported experiments gave definitive evidence for the
need for excitonic effects to explain the photophysics observations. The two-photon
absorption experiments gave experimental evidence for the presence of excited exci-
ton states (Section 4.2). The lineshape analysis of the PL side bands further proved
the existence of exciton-phonon complexes (Section 4.3). The exciton binding en-
ergy (Eb) was extracted from different experiments, showing a diameter dependence
as predicted by theory (Section 4.4). Although the excitonic picture seems clear for the
first two optical levels in S-SWNTs, understanding of the many-body effects for the
higher-lying levels (ES

33 and ES
44) and for M-SWNTs still needs further development

(Section 4.5).

4.1. Exciton Energies and the Ratio Problem

In Figures 8a,b, we show the calculated ratio ES
22/ES

11 as a function of 1/dt for
bright excitons with and without the Coulomb interaction, respectively. As seen in
Figure 8, the ES

22/ES
11 ratios for individual tubes depend on chiral angle and tube type

(Figure 7). If we extrapolate the averaged value of ES
22/ES

11 for each family to 1/dt →
0 for very large tube diameter,8 we can see a clear difference between (a) 1.8 and (b)
2. If we do not consider the Coulomb interaction, the extrapolated value should be
2 (Figure 8a). However, the experimental results (34) always show a smaller value
around 1.8. This difference is called the ratio problem (19). The ratio problem was
the experimental evidence that led to a strong consideration of many-body effects (7,
8, 11, 12, 17, 19, 28, 35).

In the one-particle picture, the Eii values are expected to exhibit a simple diam-
eter dependence when plotted as a function of p/dt, where p = 1, 2, 3, 4, and 5 for
ES

11, ES
22, E M

11, ES
33, and ES

44, respectively (24, 29). We can understand this behavior
by relating the electronic structure of SWNTs to that of 2D graphite (or graphene),
subject to the quantization of the wave vector |K1| = 2/dt along the tube circumfer-
ence. The linear energy-momentum relation for electrons in graphene is unusual and

8If we take the limit of dt → ∞, the exciton becomes two dimensional. In this case we may neglect the exciton
binding energy compared with the self-energy correction.
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Figure 8
The excitation energy ratio ES

22/ES
11 for A0

2 states based on the extended tight binding (ETB)
model for semiconducting single-wall carbon nanotubes (S-SWNTs) with 0.5 nm < dt < 1.6
nm. Open and filled circles are for SI and SII SWNTs. Panels a and b are the results with and
without considering the Coulomb interaction, respectively. Dotted lines indicate the values for
the average ES

22/ES
11 ratio (17).

is given by E = ± h̄vk (where v is the electron velocity). Quantization of the wave
vector restricts the allowed wave vectors measured from the K point to k = 2p/3dt .

As a first approximation, the optical transition energies in carbon nanotubes are given
by (29)

Eii = 4ph̄v/3dt . (10)

Thus we expect the ratio ES
22/ES

11 (p = 2 and 1 for ES
22 and ES

11, respectively) to be
equal to 2 in the limit of dt → ∞. For a finite diameter, we expect the Eii values to
exhibit a dependence on chiral angle θ (ranging from 0 to 30◦) because of the trigonal
warping effect (29). The trigonal warping effect is zero for armchair tubes (θ = 30◦),
is a maximum for zigzag tubes (θ = 0), and is given approximately by βp cos 3θ/d 2

t

for chiral tubes.
Although the ES

22/ES
11 ratio problem was observed by optical-absorption experi-

ments (36), it was not until it was reported in the PL spectra for isolated SWNTs
in 2002 (34, 37) that the scientific community started systematic work on this prob-
lem. In the PL experiment (34), the SWNT sample was excited at ES

22, and the
emission from the ES

11 level was recorded. This ratio problem was explained by con-
sidering many-body effects (19). The electron-electron repulsion causes a blue shift
and the electron-hole excitonic attraction causes a red shift in the electronic tran-
sition energies (7, 19). The net energy change is a blue shift for both the ES

11 and
ES

22 levels, which makes the dt → ∞ limit of the ES
22/ES

11 ratio decrease from 2
to 1.8.

734 Dresselhaus et al.

A
nn

u.
 R

ev
. P

hy
s.

 C
he

m
. 2

00
7.

58
:7

19
-7

47
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 D

r.
 R

iic
hi

ro
 S

ai
to

 o
n 

04
/1

9/
07

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ANRV308-PC58-27 ARI 1 March 2007 13:18

PLE: photoluminescence
excitation

4.2. Measurement of Excited Exciton States

Further experimental evidence for the excitonic nature of the optical transition in
carbon nanotubes came from measurements of excited excitonic states (37a), with
the most striking experimental result from nonlinear two-photon absorption experi-
ments by using very high-power laser pulses (9, 10). In this experiment, SWNTs are
excited in a two-photon absorption process at energies (Elaser) somewhat above half
the first optical transition energy for S-SWNTs (Elaser ≥ ES

11/2), and subsequent light
emission is observed around ES

11. If the optically induced transitions ES
11 were related

to free electron-hole pairs making band-to-band transitions, then the absorption of
the two photons would occur at exactly

(
Elaser = ES

11/2
)

(see Figure 9a). However,
if the ES

11 optical level were related to the creation of an exciton, then the energy
for the absorption of two photons would be observed at an excited exciton state with
an energy higher than ES

11. Such a difference in energy between the absorption and
emission processes was observed experimentally (see Figure 9a), thus giving strong
support for the exciton model.

However, group theory (23) does not predict the selection rules cited in reports
on these two recent photon experiments (9, 10), and the explanation of the results
obtained in two-photon excitation experiments does not rely on symmetry selection
rules (23). The explanation for the observed excitonic behavior rather comes from the
optical-absorption oscillator strength (10), which in the case of two-photon absorp-
tion, is very small for the lowest-energy bright exciton state (see calculated results in
Figure 9b). For instance, we can understand the bright exciton expected for odd ν

states in chiral tubes as a product between an odd Bloch function and an odd enve-
lope function. Therefore, we nevertheless expect a very low oscillation strength for
these A1 symmetry excitons, although being formally bright, because an odd envelope
function should give a very low probability of finding an electron and a hole at the
same spatial position, available for recombination.

Theory was used to predict the results obtained by the two-photon absorption
experiment. The calculated values for the exciton binding energy (18) were found to
account well for the experimental observations once the environmental conditions
relevant to each of the different experiments were taken into account (17).

4.3. The Exciton-Phonon Side Bands

Another strong indication that the optical properties of carbon nanotubes are ex-
citonic rather than having one-electron band-like wave functions comes from the
experimental observation of exciton-phonon complexes (20, 37–39), demonstrating
both the existence of excitons and the central role played by phonons in describing
the excitation and recombination mechanisms in carbon nanotubes.

Figure 10a shows a 2D photoluminescence excitation (PLE) plot obtained by
measuring PLE spectra with 51 excitation energies, from 1.20 eV through 1.75 eV
(20). In the PLE map, the emission energies are along the horizontal axis, and the
excitation energies are along the vertical axis. For the excitation range used in this
work, several resonances are observed depending on the excitation energy, although
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Figure 9
(a) A schematic representation (top) of the single-wall carbon nanotube (SWNT) density of
states, showing the absorption of two photons and the emission of one photon with (left) and
without (right) excitons. (Bottom) A contour plot of the two-photon excitation spectra of
SWNTs (9). The line is plotted for Eem = ETPA, whereas the black circles mark the higher
two-photon absorption energy ETPA and the lower-lying one-photon emission energy Eem
for different (n, m) tubes. Emission always occurs at Eem = ES

11 < ETPA (9). (b) Ab initio
calculated one-photon [ε2(ω), top] and two-photon absorption profiles (TPA, bottom) for the
(6, 4) SWNT. Blue lines are with electron-hole interactions, whereas red lines are without.
Higher-energy states with negligible amplitudes are omitted for clarity (10). Here the
experimentally measured exciton binding energy Eb is defined as the energy difference
between the band edge without electron-hole interaction and the lowest-energy bright
excitonic state labeled 1 g.

the recombination process is observed at the same band edge energy (labeled by
E1s

11 in Figure 10a). The resonances for which the excitation and emission ener-
gies are the same (ES

11) appear as a 45◦ line at the lower right corner of the PLE
map in Figure 10b. The absorption profile is obtained by performing a vertical cut
in the PLE map of Figure 10a at energies that correspond to the emission of a
given nanotube. Figure 10b shows the plot of such a profile for the (8, 3) SWNT.
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Figure 10
(a) A photoluminescence excitation (PLE) plot of the emission obtained using 51 excitation
energies between 1.25 and 1.75 eV. Colors changing from dark blue to red indicate an increase
in emission intensity. Each vertical streak in the map represents an emission peak from a given
single-wall carbon nanotube (SWNT), and a high-intensity spot in the map is associated with
a resonance in the PLE spectra. (b) PLE spectrum taken at 1.30 eV showing the bright exciton
close to the band edge, and the phonon side band approximately 200 meV higher in energy
with an (8, 3) SWNT (20).

Well-resolved resonances, approximately 200 meV above each E11(A2) feature, can
also be observed in the PLE map and could be related to a resonance Raman process
in which the incoming photon has an energy h̄ωin = h̄ωout +h̄ωG, where ωG is the
frequency of the G-band phonon. This possibility is ruled out owing to both the
asymmetric lineshapes of the PLE profile in Figure 10b and the small upshift of the
frequency of the phonon side peak relative to h̄ωG.
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Furthermore, a G-band Raman process obtained by taking a horizontal cut in
the PLE map would be expected to have a much narrower Lorentzian lineshape,
and its resonance profile would not have a broad lineshape elongated toward the
high-energy side as observed in the experimental trace in Figure 10b. Perebeinos
et al. (14) therefore proposed that the observed side band should be assigned to a
resonance identified with the absorption of light to a bound exciton-phonon state.
The main contribution to the exciton-phonon bound state observed in Figure 10b is
attributed to the longitudinal optical phonon at the K and � points of the graphene
BZ (14). In such a situation, a significant fraction of the spectral weight should be
transferred from the exciton peak to the exciton-phonon complex, and this transferred
spectral weight is predicted to have a diameter dependence. A clear trend is observed
experimentally (20), showing that larger diameter tubes have a lower spectral weight
transfer than smaller diameter tubes, as predicted theoretically, although some (n, m)
chirality dependence is also observed (14).

4.4. Exciton Binding Energy

A key issue in exciton physics generally is the determination of the magnitude of the
exciton binding energy for the various Eii excitonic states. This has been a difficult
task in carbon nanotubes because the onset of the continuum for a given exciton (such
as the ES

11 or ES
22 excitons) has not directly been observed on an experimental basis.9

Much of our present knowledge of the exciton binding energy has been extracted
from nonlinear two-photon absorption experiments that have been carried out using
130-fs (9) and 150-fs (10) laser pulses for creating the two-photon excited state. In
those experiments, researchers measured the energy difference between the ground
state and the lowest-energy bright exciton of the ES

11 levels, and used the results
to calibrate the dielectric constant of the environment based on a first-principles
theory (10). Next, from theory and a lineshape analysis of the experimental data,
they determined the exciton binding energies Eb for different (n, m) SWNTs. The
authors get results consistent with each other, roughly given by Eb = 0.3/dt in
electron volts. This result is in agreement with theory using a dielectric constant of
κ = 2.22 (17). Here Eb denotes the experimentally determined binding energy in
which environmental effects must be considered in contrast to the theoretical binding
energy Ebd discussed in Section 3 in which no environmental effects enter.

Two-color pump-probe studies using 50-fs pulses provided a direct measurement
of the binding energy of the E11 exciton by initial excitation at a transition energy
of either ES

22 (660 nm, 1.88 eV) or ES
11 (953 nm, 1.30 eV), corresponding to the ES

11

and ES
22 bright exciton energies for an (8, 3) nanotube (40). A high-probability decay

route for the exciton at ES
22 is the nonradiative decay of the ES

22 exciton states to
ES

11, a decay process commonly reported in PL experiments (1, 34). Therefore, under

9The onset of the continuum may be defined theoretically as the one-particle energy plus the self-energy
correction for a delocalized electron (or hole). Because the self-energy correction for an exciton should be
larger than that for a delocalized wave function, the direct comparison between theory and experiment should
be treated in more detail in the future.
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Fast optics: refers to
experiments done in the
time domain when a light
pulse of less than 200 fs is
used

E
n

E
g

E
eh

γn1
2/2

E2

k
n2

k
lg

k
dis

k

k21

E1

Figure 11
Schematic description of the electronic structure of the (8, 3) single-wall carbon nanotube
(SWNT) and the excitonic relaxation pathways obtained from fast-optics experiments (40).
Here Eg and Ei represent the ground state and the i-th excited states (Eii in the notation of
the present review), respectively, whereas Eeh denotes the band edge for the electron-hole
continuum. The downward arrows depict the relaxation pathways with corresponding
relaxation rates as labeled schematically, and the upward arrow denotes the process of
populating a higher exciton state as the result of exciton-exciton annihilation in an Auger
process.

high-power pulse excitation, a high density of ES
11 excitonic states is achieved in the

fast-optics experiment (40), independent of whether the initial excitation is at ES
22 or

ES
11.

The decay of these ES
11 excitonic states involves predominantly the bimolecular

exciton-exciton annihilation of two ES
11 excitons through an Auger process by which

higher energy states, such as En, are accessed (see Figure 11). These higher energy
states soon decay nonradiatively either to the E11 bright exciton state denoted by E1,
or alternatively to Eeh , in Figure 11, which is identified with the lowest continuum
state for the E11 transition. The crucial point about this experiment is the finding
that excitations at both E11 and E22 lead, through the processes discussed above, to a
well-resolved feature in the induced transient absorption spectrum at the Eeh energy
measured experimentally to be 730 nm (1.70 eV). The energy difference between Eeh

and E11 is thus measured directly to be 0.40 eV, and this energy is identified with the
binding energy of the E11 exciton for the (8, 3) tube. This result for the (8, 3) SWNT
is in good agreement with experimental measurements on the (8, 3) SWNT using
the two-photon absorption technique of 0.42 eV by Wang et al. (9) and Dukovic et al.
(41), and of 0.38 eV by Maultzsch et al. (10).

Finally, values for the exciton binding energy have been reported for ES
22 through

combined resonance Raman and electrochemistry doping experiments for the two
(n, m) SWNTs (42). By applying a voltage, the authors change the Fermi level, and
the RBM signal is observed to disappear when filling the conduction band, or re-
moving electrons from the valence band. By comparing the excitonic energy with the
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energy necessary to fill/empty the band levels, the authors extract the binding energy.
Importantly, theory predicts different binding energies for the bright E22 exciton as
compared with the E11 bright exciton owing to changes in the effective mass and
screening effects for these bright excitons. Few measurements are so far available
for the binding energy for ES

22 excitons, and theoretical estimates for the (7, 5) and
(10, 3) tubes yield Eb values of 0.55 eV using κ = 2.56 for the dielectric constant (18).

4.5. The Diameter-Dependent Scaling Law for ES
ii and Metallic

Carbon Nanotubes

Resonance Raman spectroscopy, performed with a quasi-continuous set of excitation
laser lines (Elaser), was used to build a 2D plot (Raman intensity as a function of Elaser

and ωRBM), as shown in Figure 12 (3, 43–45). In this figure, a Raman peak appears at
a given ωRBM whenever the laser energy is equal to the optical transition energy (i.e.,
when the resonance condition is best established for a given carbon nanotube in the
sample) (3). From each peak in the experimental plot (Figure 12), we can extract the
(Eii , dt) for each resonant SWNT. Using the relation dt = aC−C

√
3(n2 + mn + m2)/π ,

where aC−C = 0.142 nm is the carbon-carbon distance (24), we can obtain ωRBM

from the relation between ωRBM and the tube diameter, ωRBM = A/dt + B, with
A = 218 cm−1 nm and B = 16 cm−1 (43).

Figure 12
Two-dimensional color map showing the single-walled carbon nanotube (SWNT) spectral
evolution as a function of excitation laser energy. Superposed are the 378 optical transition
energies (dots) of all SWNTs in the experimental range, plotted as a function of diameter dt .
Gray lines are guides for the family patterns formed by SWNTs with 2n + m = constant (43).
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Figure 13
Experimental optical transition energies as a function of p/dt , after correcting for the chiral
angle dependence (EEXP

ii − βp cos 3θ/d2
t ). The chirality-dependence-corrected points for ES

11
(purple and white diamonds from Reference 34), ES

22 (green squares), and E M
11 (orange circles)

energies (43) are fitted with Equations 9 and 10. (Side graph) The βp constants obtained
experimentally for p = 1 to 5, and these constants can be fit by β+

p = p(0.087 ± 0.008) eV
nm2 and β−

p = p(−0.085 ± 0.007) eV-nm2 (dashed lines).

The results thus obtained for ωRBM and Eii are in good agreement with most prior
work, including resonance Raman spectroscopy (3, 44, 45) and PL measurements
(34). Rayleigh scattering has also been used to measure ES

33 and ES
44, E M

11, and E M
22,

and the results are also in good agreement with the values depicted in Figure 12 (46).
Figure 13 shows a plot of the ES

11 [from PL experiments (34)], and ES
22, E M

11, ES
33,

ES
44 [mostly from resonance Raman measurements (43)] as a function of p/dt , obtained

by subtracting βp cos 3θ/d 2
t from the experimentally obtained Eii values, to correct

for their chiral angle dependence. Such a chirality correction is expected to collapse
all the Eii values onto a single (p/dt)-dependent curve (4, 47). The points do not scale
linearly as p/dt . The nonlinear scaling is a result of many-body effects, which are also
responsible for the ES

22/ES
11 ratio problem discussed in Section 4.1 (19, 34, 47).

There are two interesting and intriguing conclusions from Figure 13. First, the
ES

33 and ES
44 transitions do not follow the same scaling law as the ES

11 and ES
22 tran-

sitions, implying possible differences in the many-body effects for the higher- and
lower-lying transitions. These differences do not seem to be captured by the solid-
state physics model (see Section 3 and Reference 7), in which the exciton binding
energy increases for the third level. These differences can, however, be explained
by quantum chemistry–based calculations (43) that show rather delocalized or even
unbound excitonic states for the E33 level. Another interesting result comes from the
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electronic transition energies from metallic tubes. Metallic materials are expected to
exhibit different many-body effects when compared with semiconducting materials
because of the screening by free electrons in metals. Usually metallic systems do
not exhibit real excitons, but rather excitonic resonances, because they can always
decay into the continuum of states. The observation of excitons in metallic carbon
nanotubes has been explained as an interesting symmetry-related effect (7). The pos-
sibility for a symmetry-based explanation for the observation of the two different
scaling laws observed in Figure 13 (43) has to be addressed theoretically and exper-
imentally. The single scaling law for the ES

11, ES
22, and E M

11 nanotube excitonic levels
(4, 43) is an interesting phenomena of 1D systems, probably owing to the near cancel-
lation of the repulsive electron-electron by the attractive electron-hole interactions
(7, 19).

5. OUTLOOK

In summary, we review the excitonic properties of carbon nanotubes. The large bind-
ing energy of an exciton in SWNTs allows the observation of many exotic excitonic
phenomena at room temperature. The unique electronic structure of carbon nan-
otubes gives rise to four different symmetries for excitons in SWNTs: A1, A2, E, and
E∗, in which only the A2 symmetry exciton with S = 0 is a bright (light-emitting)
exciton. The exciton binding energy and the self-energy correction term to the one-
particle energy are calculated by the Bethe-Salpeter equation. The calculated results
show that (a) the self-energy is larger than the exciton binding energy, (b) the exciton
wave function is localized along only one cutting line in k space, (c) a dark exciton is the
lowest energy state below the lowest bright exciton, and (d ) the family-related spread
in the electron-hole attractive energy and electron-electron self-energy almost cancel
each other. Thus the family behavior is understood on the basis of one-electron-based
models. The excited-exciton-state wave functions have odd symmetry with regard to
the direction of the nanotube axis, which we can observe by a two-photon absorption
experiment. The exciton binding energy has been recently measured by fast-optics
methods. The existence of the lowest-energy dark exciton and its physical properties
are now being investigated by the temperature and magnetic-field dependence of the
observed PL features (48–53).

Although there have been many investigations of the exciton states in SWNTs,
there are still many issues that require further experimental and theoretical investi-
gation. The exciton-phonon interaction still needs to be investigated using exciton
wave functions to determine the relaxation rates and the spectral intensities for the
various phonons of importance. Exciton formation and dissociation will likely be
observed by several other experimental techniques, and theoretical understanding
of these experiments will then be necessary. The dynamics and decay of the various
excitonic states and the transformations between dark and bright excitons remain
key issues for understanding the low PL quantum efficiency of the excitonic states
observed in real SWNT systems, and here careful experiments on freely suspended
tubes (54) will show the role of environmental effects in quenching the PL emis-
sion for tubes interacting with substrates. Such studies are likely to launch systematic
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studies of environmental effects of the substrates, wrapping agents, and solvation
on the various photophysical techniques in current use. The use of perturbation
techniques to transform dark to bright excitons will enhance the exciton intensity
significantly.

More generally, the use of symmetry-breaking perturbations (such as uniaxial
stress, doping, and magnetic fields) is an important research direction for gaining a
better understanding of nanotube optics. Comparison between scanning tunneling
spectroscopy and PL emission will give valuable information regarding the difference
between the one-particle picture and the pseudoparticle models. The study of exci-
tons in metallic nanotubes and in higher Eii states remains an interesting and open
research area, both in understanding environmental effects and in comparison with
the excitonic behavior of semiconducting nanotubes or of lower-energy Eii states. 1D
diffusive motion of excitons and exciton-polariton physics are likely to become active
topics of future study. Furthermore, we expect 1D exciton studies to become more
important in the future, especially as more 1D systems in the form of nanowires
and nanotubes are developed. Carbon nanotube photophysics has already profited
significantly from the knowledge about excitonic effects coming from π-conjugated
polymers, and the merging of chemistry and physics would also be expected to affect
the development of other 1D systems. Thus we can expect the basic science of exci-
tons in nanotubes to attract increasing interest as an important prototype system for
studying 1D excitons in the future.

SUMMARY POINTS

1. Strong exciton effects can be observed at room temperature because of the
1D nature of SWNTs.

2. The Bethe-Salpeter equation based on the ETB model provides a good
description for the excitonic behavior of SWNTs.

3. (2n + m) family behavior plays a major role in the photophysics of small-
diameter SWNTs.

4. The low efficiency of the PL process (down by approximately three orders
of magnitude) is a result of multiple dark exciton states below the lowest
lying bright exciton state.

5. Optical transition energies for bright excitons are quantitatively probed by
resonance Raman scattering and PL.

6. Two-photon absorption and phonon side band experiments give strong
evidence for excitons.

7. Although current theoretical models account for the observed excitonic be-
havior for E11 and E22 transitions for S-SWNTs, many unexplained effects
are observed for E33 and E44 transitions.

8. Little is presently known about dark singlet and triplet excitonic states in
SWNTs.
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