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Abstract

We calculated the resonance condition for the radial breathing Raman mode for single wall carbon nanotube (SWNT) bundles

for light polarization parallel and perpendicular to the tube axis. The radial breathing modes that are not observed in isolated

SWNTs, but are observed in SWNT bundles, are assigned to a resonance process for light with perpendicular polarization.

Asymmetry between the valence and conduction p energy bands becomes essential for obtaining resonance conditions. We find that

due to a high joint density of states, armchair SWNTs have the largest optical transition intensities.

� 2004 Elsevier B.V. All rights reserved.
1. Introduction

Raman spectra at the single nanotube level has pro-

vided a standard tool for assigning ðn;mÞ values of single
wall carbon nanotubes (SWNTs) as a quick, non-con-

tact, non-destructive room-temperature measurement

with high energy resolution on the order of 10 meV [1,2].

When we observe the Raman spectra from an isolated

SWNT by changing the polarization of the light, usually
there is no signal for light with a polarization perpen-

dicular to the nanotube axis [3–6]. Thus in the assign-

ment of ðn;mÞ values, we have only considered the

resonant condition for the light polarized parallel to the

nanotube axis [2]. In fact, this assignment is sufficient for

explaining most of the Raman spectra we have observed

for isolated SWNTs on a SiO2 substrate by using the

previously fitted nearest neighbor tight-binding param-
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eter c0 ¼ 2:89 eV and the dependence of the radial
breathing mode (RBM) frequency xRBM (in cm�1) on

the diameter dt (1 < dt < 2 nm), for which the relation,

xRBM ¼ 248=dt is usually employed [2]. However, when

we try to use the same method for the RBM spectra for

nanotube bundles, we found that some RBM spectra

cannot be assigned simply by changing the values of the

above parameters for the bundles or by adding a term to

account for tube–tube interactions [7]. Such a term shifts
the RBM frequency up by only about 10 cm�1 as

compared to an isolated SWNT, depending on the

SWNT diameter and the number of SWNTs in the

bundle [8,9]. Although the tube–tube interaction be-

tween SWNTs in a bundle may change the electronic

and phonon structures, the modifications of the elec-

tronic or phonon energy band structures from those of

an isolated SWNT are not so drastic for tubes with
dt > 0:9 nm as to explain the unassigned Raman spectra.

In fact, the diameter change corresponding to a 14 cm�1

RBM shift is Ddt ¼ 0:05 nm, and thus this change does

not produce an (energy, dt) point in the energy gap
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region in the Kataura plot for resonance Raman energy

[2,10,11]. Since the unexplained features appear at en-

ergies that are very different from the resonances ob-

served for isolated SWNTs, a simple adjustment of

tight-binding parameters cannot account for this data
[12]. Thus, within the Raman process occurring for

parallel polarized light, we cannot explain all the RBM

data observed only in SWNT bundles, though the data

for isolated SWNTs can be explained.

In order to explain the unassigned peaks, we examine

here the possibility for a resonance Raman process with

perpendicularly polarized light. To compare our predic-

tions with experimental data, we take data of previously
published RBM Raman spectra [13], and obtain the

resonant diameters for a given laser energy using the

xRBM dependence on dt. The absence of optical absorp-
tion for perpendicularly polarized light has been previ-

ously explained by the depolarization effect [14]

according to which the self-consistently induced charge

appearing on the surface of a SWNT in the presence of an

electric field perpendicular to the nanotube axis cancels
the field of the incident light. This screening effect de-

pends on the geometry of the nanotubes, and it is thus

expected that in a SWNT bundle the screening effect is

not perfect, since the depolarization field from the

neighboring nanotubes may smear out the perfect can-

cellation of the electric field that occurs for isolated

SWNTs in vacuum. Thus, even for an isolated SWNT on

an SiO2 surface, this perfect cancellation might not occur
because of the surface effect of the dielectric Si substrate.

However, the dipole selection rule tells us that the reso-

nance energy for perpendicularly polarized light is dif-

ferent from that for parallel polarization [3]. In order to

check whether we get resonant Raman spectra from an

isolated nanotube for perpendicularly polarized light or

not, we need not only rotate the polarization direction,

but we must also change the laser excitation energy, since
the resonance energy for perpendicularly polarized light

is different from that for parallel polarized light.

In this Letter, we consider the resonance condition as a

function of diameter (the so-called Kataura plot [10,11])

for perpendicularly polarized light, and we find that this

new resonant conditionworkswell for explaining features

of the RBM spectra observed only in SWNT bundles and

not observed for isolated SWNTs. Although we have not
yet calculated the depolarization effect of the bundle, the

possible use of perpendicular polarized light in experi-

ments on SWNT bundle samples is important for the

study of Raman spectroscopy in SWNTs.
2. Selection rules for optical absorption in SWNTs

The electronic p bands in SWNTs are commonly

calculated by zone-folding of the electronic p bands of

two dimensional (2D) graphite Ej
g 2DðkÞ [15],
Ej
lðkÞ ¼ Ej

g 2D k
K2

jK2j

�
þ lK1

�
; j ¼ v or c;

l ¼ 0; . . . ;N � 1; and � p
T
< k <

p
T
: ð1Þ

This involves one-dimensional (1D) k states along so-

called cutting lines [16] in k space. Cutting lines are the

1D Brillouin zone (BZ) and labeled by an index l in

Eq. (1), so that lK1 is the normal vector from the C
point of graphite to the cutting lines. Each l gives two
bands, a valence and a conduction band, denoted by

Ev
lðkÞ and Ec

lðkÞ, respectively. The dipole selection rules

have been derived for linearly polarized light propa-

gating perpendicular to the tube axis [14,17] and for

circularly polarized light propagating along the tube axis

[18,19]. Depending on the light polarization, it is shown

that we get different final electron states for dipole al-

lowed transitions. Thus, also the resonant energies are
generally different for different scattering geometries so

that the orientation of the SWNT on the substrate must

be considered, when analyzing optical absorption or

Raman spectra. The transition probability is given by a

sum over initial electron states li, ki and a final electron

states lf , kf that are in resonance with Elaser and can be

expressed as

W ðElaserÞ¼
e2�h3I

�cm2E2
laser

�
X
li

Z p=T

�p=T
dki

X
lf

�����
Z p=T

�p=T
dkfDðlf ;kf ;li;kiÞ �P

�dðEc
lf
ðkfÞ�Ev

li
ðkiÞ�ElaserÞdðkf�kiÞ

�����
2

; ð2Þ

in which e, m, I , � and P are the electron charge, electron

mass, the intensity of the incident light, the dielectric

constant and the light polarization, respectively. D is the

SWNT dipole vector defined by [17]:

Dðlf ; kf ; li; kiÞ ¼ Wcðr; lf ; kfÞjrjWvðr; li; kiÞh i; ð3Þ

where Wc and Wv are wavefunctions for conduction and

valence band, respectively. Hereafter we take the z axis in
the direction of the SWNT axis. If lf ¼ li � 1, D has

non-zero x and y components, but Dz ¼ 0. If lf ¼ li,
then only the z component of D becomes non-zero. In

both cases the 1D wavenumber is conserved, i.e. kf ¼ ki
because of the second d function in Eq. (2). Thus, to get

lf ¼ li � 1 or lf ¼ li, we need P, that has x and y or a z
component which corresponds to perpendicular or par-

allel polarizations, respectively. D becomes a zero vector

for other cases of li and lf . In Eq. (2) the allowed dipole

transitions which have the same energy from one given
initial ki state can interfere with one another [20]. The

interference for linearly polarized light can only occur for

light polarization perpendicular to the tube axis, because

only for this light polarization can the electron go to two
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different final states (l ! l� 1). However the interfer-

ence only occurs if the transition energies are equal be-

cause of the d function in Eq. (2). Thus we must square

the matrix element after adding all contributions that

originate from the same initial wavevector. In Fig. 1a the
initial and final states for transitions with perpendicu-

larly polarized light are shown for a (10,2) semicon-

ducting SWNT of type II [16]. Only transitions related to

van Hove singularities (vHS) in the joint density of states

(JDOS) are shown. For parallel polarization, the vHS

are denoted by ki (with i ¼ 1, 2, 3), in which the van

Hove singularity k point is expressed by a touching of the

cutting lines to the equi-energy contour. The energy gaps
between valence and conduction bands at each ki point

are usually labelled EM
ii and ES

ii , where the i orders the

transition energy magnitude in increasing order, and M

and S denote metallic and semiconducting SWNTs, re-

spectively. These energies are usually observed with

parallel polarized light and plotted vs. dt in a Kataura

plot [10]. In the case of perpendicular polarization, the k,
that contributes to the JDOS, is the point where the
valence and conduction bands have the same slope.

Generally, these points occur for a 1Dk value in between

the 1D ki vHS wavenumbers for adjacent cutting lines.

Hereafter we use kij to denote the 1D wavenumber at

which the vHS transitions between cutting lines of the Eii

and Ejj singularities occur. There are in general two vHS-

enhanced transitions starting from a given initial l index

as is shown by labels (p1) and (p2) in Fig. 1a. In Fig. 1a,
only transitions originating from the lth line are con-

sidered and illustrated by arrows, pointing towards the

l� 1 cutting lines:

ðp1Þ ES
12 ¼ Ec

l�‘ðk12Þ � Ev
lðk12Þ;

ðp2Þ ES
13 ¼ Ec

lþ‘ðk13Þ � Ev
lðk13Þ:

ð4Þ

In Eq. (4) we use the label ES
ij for a semiconducting

SWNT, for which the electron goes from Ev
l to Ec

lþ‘.
µ+1

µ1

13k

3k

1k
13k
k12

k12

k2
K

µ

p2

p1

SE1

(a) (b)

Fig. 1. (a) The three parallel lines labelled by l� 1, l and lþ 1 are cutting

transitions occur at vHS k points k1, k2 and k3, denoted by a filled circle, and

circles. For perpendicular polarization, the two transitions at vHS in the JDO

2D k parallel to K1. The energies at the vHSs ki are denoted by Eii. If we

resonant energies for perpendicular polarization are given by ES
12 and ES

13.
Here, the cutting line with index l has the Eii singularity

and the cutting line with index lþ ‘ has the Ejj singu-

larity. The parameter ‘ ¼ �1, depends on which of the

two inequivalent corners of the 2D BZ, K or K 0, the

transition occurs, and whether the SWNT is semicon-
ducting type I or II. In Eq. (4) we have selected the two

transitions that start from the cutting line with the E11

singularity. In Eq. (4) we have ‘ ¼ 1 for a semicon-

ducting type I tube for kij on l cutting line near the K
point. When we select l around K 0 we get ‘ ¼ �1. For a

semiconducting type II SWNT, the situation is just the

opposite and we get ‘ ¼ �1 ð‘ ¼ 1Þ for l near the K (K 0)

point. The two transitions in Eq. (4) are shown in
Fig. 1a. When we consider relatively small transition

energies, we can neglect both the trigonal warping effect

and the electron–hole asymmetry. Then we can use the

following simplification:

ES
12 ¼

ES
22 þ ES

11

2
; ES

13 ¼
ES
33 þ ES

11

2
: ð5Þ

Thus the resonance energy ES
12 for perpendicular polar-

ization appears in the energy gap of ES
11 and ES

22, as is

shown in Fig. 1b. Similar results can be obtained for
other transitions. The splitting of the ES

11 transition is

however somewhat special, since both ES
12 and ES

13 are

larger than ES
11. So far we assumed that the overlap

parameter s vanishes (s ¼ 0) in calculating the electron

energy dispersion in the tight-binding calculation [15].

A non-zero s value is essential for obtaining a larger

(smaller) energy band width in the conduction (valence)

bands. However, as far as we consider parallel polari-
zation, an enlargement of the conduction band width

and a shrinking of the valence band width for the same l
value cancel each other to linear order in s, and the effect

of s will only appear to order s2. Thus for the value of

s ¼ 0:129, this effect can be neglected around the K point

of the 2D BZ [11]. However, it is no longer true for

perpendicular polarization. The energy difference
SE11

SE12

k1k1
k1 1K

1K

E22
SSE33

3

k
K +-

lines for a (10,2) tube near the K point. For parallel light polarization,

for perpendicular polarization, the k12 and k13, are indicated by open

S, labeled by p1 and p2 are shown [Eq. (4)]. (b) Energy dispersion along

neglect the trigonal warping effect and electron–hole asymmetry, the
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Fig. 2. The electron–hole asymmetry leads to different energies for the electronic transitions for perpendicularly polarized light. In (a) we show EðkÞ
for a (10,10) tube around the K point. The dashed lines (left) are for tight binding parameters t ¼ �2:89 eV and s ¼ 0 and for the solid lines (right)

t ¼ �3:033 eV and s ¼ 0:129 was used. (b) JDOS for transitions with perpendicularly polarized light for a (10,10) SWNT. The dashed and solid lines

in (b) are the calculated absorption spectra for (a) left and right, respectively.
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between Eij and Eji depends on the amount of the elec-

tron–hole asymmetry, which is contained in the tight-

binding overlap parameter s. In Fig. 2a we show an

example of the band structures of a (10,10) metallic

SWNT with s ¼ 0 (left) and s ¼ 0:129 (right). Solid

circles indicate vHS k points. In Fig. 2b we plot the

JDOS for these band structures. We find a splitting

between the E12 and E21 transition energies when s 6¼ 0
(solid line). For s ¼ 0, the E12 and E21 transitions occur

at the same energies (dashed line). The splitting in

E12 � E21 for s ¼ 0:129 is about 0.2 eV and thus should

be observable in optical experiments. Alternatively, the

dependence E12 � E21 on s could be used to determine

the exact value of s for different SWNT diameters.
3. Katauras plot for perpendicular polarization

We now discuss the SWNT diameter dependence of

the transition energies in the Kataura plot. This plot is

usually done for parallel polarization and the Eii are

plotted vs. SWNT diameters dt. Experimentally the Eii

energies can be obtained by Raman experiments, using a

tunable laser [1] or by comparing Stokes and anti-Stokes
intensities [21] or by photoluminescence (PL) experi-

ments [22], where the ratio between two E22 and E11 can

be determined. Alternatively, we can also take peaks in

the RBM Raman spectra of bundles and assign them to

resonance of a particular SWNT diameter with Elaser. In

this way we analyzed the experimental data we use. The

experimental points have been measured using six dif-

ferent Elaser: 1.17, 1.59, 1.92, 2.41, 2.54 and 2.71 eV [13].
In order to compare them to the calculated Kataura plot

for parallel and perpendicular polarization, shown in

Fig. 3a and in b, respectively, we plot the same set of

experimental points �X� in Fig. 3a and in b. Each �X�
corresponds to a peak in the RBM Raman spectra of

randomly aligned bundles. If we assume only resonance

for parallel polarization, we would expect each �X� to lie

in a region of Eii points. However, when we plot all

features, that appear in the experimental spectra of

SWNT bundles, several small intensity peaks that can-

not be explained by this method, since they appear in the

gap region of Eii transitions in Fig. 3a. Comparison with
calculated values of vHS energies of perpendicular po-

larization suggests that an �X�, that lies in between two

Eii regions in Fig. 3a, lies in an Eij region in Fig. 3b. This

most clearly holds for the experimental data around

1.6 eV, which are in the gap region between ES
22 and EM

11.

Most of these points can be seen to be far (i.e. �0.2 eV)

from the ES
22 and EM

11 transitions but do lie in the ES
13

region. We thus assign these experimental data points to
the ES

13 transition with perpendicular polarization. Such

an assignment holds, even when we consider the reso-

nance window of Eii with Elaser, that has been neglected,

when we simply assign the Eii equal to Elaser. Also an

upshift of ES
22 by roughly 0.2 eV [22], that has been re-

ported recently, would only change the assignment to

ES
13 for a few but not all points. Smaller Elaser data

around 1.2 eV may consist of ES
22 (parallel polarization)

or ES
12 and EM

10 (perpendicular polarization). When we go

to energies above 2.2 eV, the situation is no longer so

clear, and the orientation of the resonant SWNTs with

respect to the light polarization should be known in

order to make an assignment for transitions with par-

allel or perpendicular polarization.
4. Dipole matrix element

It is important to discuss the intensity of the dipole

transitions since PL show some ðn;mÞ SWNTs that give
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Fig. 3. Energies of van Hove singularities vs. tube diameter for (a) parallel polarization and (b) perpendicular polarization. In (a) the transitions are

indicated as follows: (s) ES
11, (�) ES

22, (d) EM
11, (�) ES

33, (M) ES
44, (j) EM

22, (/) ES
55. In (b) we use the same symbols to denote the initial state and plot

transitions that have a vHS in the JDOS for neighbouring cutting lines. The �X� show experimental data for SWNT bundles [13]. The plots are made

for the values of t ¼ �3:033 eV and s ¼ 0:129.
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a relatively large intensity. The PL intensity spectra can

be understood in terms of a product of two matrix ele-

ments at opposite sides of the K point for absorption

and emission of light. Here we however only consider

optical absorption and emission at one given k, which is

related to the PL experiments. There are three reasons

for the ðn;mÞ dependence of the optical absorption.

Firstly, we have a term E2
laser in the denominator of

Eq. (2). Secondly, the JDOS at a given energy can be

large, since several vHS transitions appear at the same

energy. Further, the distance of the vHS k point from K
affects the JDOS, since energy bands become flatter for

larger distances from K. Thirdly, the matrix element in

Eq. (3) has a k (and thus an energy) dependence. When

we evaluate Eq. (2), all effects are included. In Fig. 4, we

plot the value of the transition probability W ðElaserÞ as a
(11,11)

(9,9)

(8,8)

(a) (b

Fig. 4. Energy dependence of the optical absorption intensity W is shown in (a

function of Elaser for SWNTs with diameters dt 1 < dt < 2 nm. Symbols have

few a denoted by ðn;mÞ indices.
function of Elaser for vHS-resonant SWNTs. Transitions

with parallel and perpendicularly polarized light are

shown in Fig. 4a and b, respectively. Because the sin-

gularities in the JDOS for perpendicular polarization

appear at kij, which are in between ki and kj, the number

of Eij is larger by about a factor 2 compared to the

number of Eii points.

The strongest influence on W is due to the E2
laser term

in the denominator of Eq. (2) and we generally expect a

decrease of W with increasing Elaser. Nevertheless, we

can observe effects due to the JDOS or the matrix ele-

ment. Since the effect of the JDOS is particularly large

for armchair SWNTs, the transitions with high intensity

come preferentially from armchair chiralities (h � 30�).
Armchair SWNTs have four vHS at the same energy,

whereas other SWNTs generally only have two vHS at
(12,12)

(14,14)

)

) for parallel polarization and in (b) for perpendicular polarization as a

the meaning as in Fig. 3. Arrows indicate armchair SWNTs of which a
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the same energy since there is no trigonal warping effect

in armchair SWNTs [11].
5. Conclusion

In conclusion, we analyzed SWNT RBM Raman

spectra and assigned the features, that could not be ex-

plained by transitions with parallel polarized light to a
resonance that is only possible for the light polarization

perpendicular to the SWNT axis. Such resonances could

be assigned, if the energies were clearly between the

resonant energies for parallel polarization, so that a

small shift of tight binding parameters does not affect

the result. Furthermore, when a SWNT is in resonance

with perpendicularly polarized light, the transition en-

ergies between different subbands show a small, but
observable splitting which depends on the electron hole

asymmetry. This result provides new research directions

for both theory and experiment. The resonance condi-

tion for light with perpendicular polarization can be

used for the interpretation of polarized optical absorp-

tion, photoluminescence and Raman spectra. We

showed that the energy difference between Eij and Eji

transitions results from the asymmetry between the va-
lence and conduction bands. This energy difference can

be measured in future experiments.
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